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(MRA: Multi-Resolution Analysis) [3] , $L^{2}(R)$
$V_{j}(j\in Z)$ $\phi(x)$ .
1. $V_{j}\subset V_{j+1}$ , $\bigcap_{j\in Z}V_{j}=\emptyset$ , $\overline{\bigcup_{j\in Z}V_{j}}=L^{2}(R)$
1 Sweldens [2] .
2 $Z$ .
3 $L^{2}$ $(f,g)= \int_{-\infty}^{\infty}\overline{f(x)}g(x)dx$ .
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2. $f(x)\in V_{j}\Leftrightarrow f(2x)\in V_{j+1}$
3. $V_{0}$ $\phi(x)$ $\{\phi(x-k)|k\in Z\}$ $V_{0}$ .
$\emptyset(x)$ $\{\phi_{j,k}(x)=2^{j/2}\phi(2^{j}x-k)|k\in Z\}$ $V_{j}$
.




$f(x)\in W_{j}\Leftrightarrow f(2x)\in W_{j+1}$ (6)
, $W_{0}$ $\psi(x)$ , $\{\psi(x-k)|k\in Z\}$
$W_{0}$ $2^{j/2}\psi(2^{j}x-k)$ $(j, k\in Z)$




(2 ). MRA , $\phi(x),$ $h_{k}$
$g_{k}=(-1)^{1-k}\overline{h}_{1-k+2N}$ ( $N$ ) (9)
. $h_{k},g_{k}$ .
MRA ,
$h_{k},g_{k}$ , ( )
.
$f(x)\in V_{1}=V_{0}\oplus W_{0}$ 2 .
$f(x)= \sum_{k}C_{1,k}\phi_{1,k}(x)$ (10)
$= \sum_{l}C_{0,l}\phi_{0,l}(x)+\sum_{l}D_{0,l}\acute{\psi}_{0,l}(x)$ (11)
$C_{0,l}=(\phi_{0,l}, f)$ , $D_{0,l}=(\psi_{0,l}, f)$ (12)
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Mallat , Mallat ,
.
$f_{k}(k\in Z)$ , $f_{k}$ $M$
$D_{\Lambda I,k}$ Mallat .
Mallat , $z$ $(z=\exp(i\omega))$ $C_{m}( \omega)=\sum_{k}C_{m,k^{Z^{-k}}}$










Mallat Mallat $(H$ $G)$
,
,






$\tilde{H}(\omega)\overline{H(\omega+\pi)}+\tilde{G}(\backslash \cdot v)\overline{G(\omega+\pi)}=0$ (25)





$g_{k}=(-1)^{1-k}\tilde{h}_{1-k}$ , $\tilde{g}_{k}=(-1)^{1-k}h_{1-k}$ (29)
, (9) 4.
, $l^{2}(Z)$ , $\{h_{k-2l}, g_{k-2l}|k\in Z\}_{l\in Z}$













$f= \sum_{j,k}(\tilde{\psi}_{j,k}, f)\psi_{j,k}=\sum_{j,k}(\psi_{j,k}, f)\tilde{\psi}_{j,k}$ (35)
4 (27) (28) $a=1,$ $l=0$ .
40
.
. , $0$ $C_{0,k}$ $i$ $j$
$C_{-j,k}$ , $C_{0,k}$ $C_{-j,k}$ ,
$\hat{\phi}_{j}(\omega)=\prod_{l=0}^{j-1}H(2^{l}\omega)$ (36)

















, $(H, G^{L},\tilde{H}^{L},\tilde{G})$ .
$H^{L}(\omega)=H(\omega)+\overline{S(2\omega)}G(\omega)$ (41)
$\tilde{G}^{L}(\omega)=\tilde{G}^{(}\omega)-S(2\omega)\tilde{H}(\omega)$ (42)
( ) , $(H^{L}, G,\tilde{H},\tilde{G}^{L})$
. . $S(\omega)$








$D$ 5 . $L^{2}(D)$ $V_{j}(j\in Z)$
1- $V_{j}\subset V_{j+1}$ , $\bigcap_{j\in Z}V_{j}=\emptyset$ , $\overline{\bigcup_{j\in Z}V_{j}}=L^{2}(D)$






. ( ) $h$ $i$ ,
((32) ).
4.2
$D$ $\{S_{j,k}(\subset D)|j\in Z, k\in K(j)\}$
1. $\forall j,$ $\bigcup_{k\in K(j)}S_{j,k}=D$ , $S_{j,k}\cap S_{j,k’}=\emptyset(k\neq k’)$
2. $S_{j+1.k}\subset S_{j,\text{ }}$
3. $k\in K(j_{0})$ $\bigcap_{j>j_{0}}S_{j,k}$ $x_{k}$ .
, $\chi_{S_{j,k}}$ . (43)











$i\geq j_{0}$ (43) .
$iarrow\infty$ . , (43)
.
$\phi_{jo,k_{0}}=\lim_{jarrow\infty}f_{j_{0\}}k_{0}}^{(j)}$ (48)




$\psi_{j,m}$ , $M(j)\equiv K(j+1)\backslash K(j)$ $m$ ,
.
1. $\{\psi_{j,m}|m\in M(j)\}$ $W_{j}$ $V_{j+1}=V_{j}\oplus W_{j},$ $W_{j}\perp\tilde{V}_{j}$











, $\{h_{j.k,\downarrow,g}j,k,l|k\in K(j), l\in K(j+1)\}_{j\in Z}$ $\{\tilde{h}_{j,k,l\cdot\tilde{g}_{j,k,l}|k}\in K(j),$ $l\in$














, (39) (40) .
$g_{j,k,l}^{L}=g_{j,k,l}- \sum_{k\in K(j)}s_{j,k,m}h_{j,k,l}$ (61)
$\tilde{h}_{j,k,l}^{L}=\tilde{h}_{j,k_{2}l}+\sum_{m\in M(j)}s_{j,k,m}\tilde{g}_{j,m,l}$ (62)
$h,$ $g^{L},\tilde{h}^{L},\tilde{g}$ . (primary
lifting) 6 , (dual lifting) $L_{g,\tilde{h},\tilde{g}^{L}}$
.






































2 $E,$ $D$ .
$E:l^{2}(K(j+1))arrow l^{2}(K(j))$ (69)
$F:l^{2}(K(j+1))arrow l^{2}(M(j))$ (70)







$\phi_{j,k}(x)=1(x=x_{k}),$ $0(x\neq 0)$ , $L^{2}(D)$
$\phi_{j,k}(x)\equiv 0$ . , $\tilde{\phi}_{j,k}(x)=\delta(x-x_{k})$
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